Abstract. Let f : S ′ → S be a finite and faithfully flat morphism of locally noetherian schemes of constant rank n ≥ 2 and let G be a smooth, commutative and quasi-projective S-group scheme with connected fibers. Under certain restrictions on f and G, we relate the kernel of the restriction map Res
: H r+1 (Sé t , G) → H r+1 (S ′ et , G) inétale cohomology, where r ≥ 0, to a quotient of the kernel of the mod n corestriction map Cores 
Introduction
Let f : S ′ → S be a finite and faithfully flat morphism of locally noetherian schemes of constant rank n ≥ 2 and let G be a smooth, commutative and quasi-projective S-group scheme with connected fibers. In this paper we relate the kernel of the restriction map Res . Consider the following abelian fppf sheaf on S:
S ′ /S (µ n )/µ n, S , where R
S ′ /S (µ n ) = Ker[N S ′ /S : R S ′ /S (µ n, S ′) → µ n, S ] is the S-group scheme of n-th roots of unity on S ′ of (S ′ /S )-norm 1. The sheaf (1.1) is an (S ′ /S )-form of µ n−2 n, S , i.e., G m (n) S ′ ≃ µ n−2 n, S ′ . Now set (1.2) Ψ N (n, U ) = {x ∈ U(S ′ ) : N S ′ /S (x) ∈ U(S ) n }.
Then the following holds Theorem 1.1. There exists a canonical exact sequence of n-torsion abelian groups
, where Ψ N (n, U ) is the group (1.2) and
where G m (n) is the sheaf (1.1).
If ∆ is cyclic, then the above theorem is neither surprising nor optimal since the group
is a quotient of {x ∈ U(S ′ ) : N S ′ /S (x) = 1}, whence Ker Picf can be directly related to a subgroup of U(S ′ ) defined in terms of the norm map N S ′ /S . Note, however, that the theorem shows (in particular) that Ker Picf can be related to such a subgroup of U(S ′ ) for any ∆.
Another class of admissible pairs is the following. Let F be a number field, write O F for the ring of integers of F and let K/F be a finite Galois extension of degree n which is unramified over the set Ω of primes of F that divide n. Let G F be either an abelian variety or an algebraic torus over F with semiabelian reduction over Ω 2 . If f : Spec O K → Spec O F is the morphism induced by the inclusion O F ⊂ O K and G denotes the identity component of the Néron-Raynaud model of G F over O F , then (f, G) is an admissible pair. In this setting our main Theorem 4.2 yields information on the Capitulation Problem for the Tate-Shafarevich group of G F over F and the Néron-Raynaud class group of G F introduced in [11, §3] . See Section 6 for the details.
The paper is organized as follows. Section 2 consists of preliminaries, in particular on the Weil restriction functor. In section 3 we discuss the norm one group scheme, which plays a central role in the paper. In section 4 we establish our main theorem (Theorem 4.2). The developments of this section were inspired by [23, §3] but, in contrast to [loc.cit.], we avoid working with hypercohomological spectral sequences and work instead primarily with complexes of length 3. In section 5 we specialize our results to the (interesting) case of quadratic Galois coverings. Section 6, which concludes the paper, discusses the applications of our main theorem to the Capitulation Problem mentioned above for quadratic Galois extensions of global fields. 
Proof. See, for example, [4, 1.2] . The middle map Kerg → Cokerf is the composition Kerg ֒→ B ։ Cokerf . The remaining maps are the natural ones.
All schemes below are tacitly assumed to be non-empty.
If S is a scheme and τ (=ét or fl) denotes either theétale or the fppf topology on S, S τ will denote the small τ site over S. A faithfully flat morphism locally of finite presentation S ′ → S is an fppf covering of S. We will write S ∼ τ for the category of sheaves of abelian groups on S τ , which is abelian. If G is a commutative S-group scheme, the presheaf represented by G is an object of S ∼ τ . In particular, if f : S ′ → S is an fppf covering of S as above, then the map G(S ) ֒→ G(S ′ ) induced by f is an injection that will be regarded as an inclusion. If n ≥ 1 is an integer, the object G n of the abelian category S ∼ τ is represented by the S-group scheme G× n G , G, ε S, where n G is the n-th power morphism on G and ε : S → G is the unit section of G. We will make the identifications
If G is separated over S, then G n ֒→ G is a closed immersion. If, in addition, G is quasi-projective over S, then G n is also quasi-projective over S [14, II, Proposition 5.3.4(i)]. If ψ : G → H is a morphism of commutative S-group schemes, ψ n : G n → H n will denote the morphism of 
will be called exact if the corresponding sequence of representable objects in S ∼ fl is exact. If G 2 → G 3 is faithfully flat and locally of finite presentation and
Let f : S ′ → S be a finite and faithfully flat morphism of locally noetherian schemes of constant rank n ≥ 2 and let X ′ be an S ′ -scheme. The Weil restriction of
. This functor is representable if there exist an S-scheme R S ′ /S (X ′ ) and a morphism of S ′ -schemes
is a bijection (functorially in T 
for the canonical adjunction S-morphism, i.e., the S-morphism that corresponds to the identity morphism of X S ′ under the bijection (2.5). For lack of an adequate reference, we include here a proof of 
Proof. Let Y be any S-scheme. Since the tensor product is distributive with respect to finite direct products, (2.5) and [15 
If n ≥ 1 is an integer and X is an S-scheme, X n will denote the S-scheme defined recursively by X 1 = X and X n = X × S X n−1 for n ≥ 2.
Corollary 2.3. Let X be an S-scheme such that the S-scheme R S ′ /S (X S ′) exists and let S ′′ → S be a morphism of schemes such that
S ′′ , where n ≥ 1. Then there exists a canonical isomorphism of S ′′ -schemes
Proof. This is immediate from the proposition via the canonical isomorphism of
3. The norm one group scheme Let f : S ′ → S be a finite and faithfully flat morphism of locally noetherian schemes of constant rank n ≥ 2 and let G be a commutative and quasiprojective S-group scheme 4 with unit section ε : 
Proposition A.5.7, p. 510] which induces a closed immersion of commutative and quasi-projective S-group schemes (
We also note that the composition of S ′ -morphisms
Lemma 3.1. If G is a smooth, commutative and quasi-projective S-group scheme with connected fibers, then R S ′ /S (G S ′) is (respectively) a smooth, commutative and quasi-projective S-group scheme with connected fibers.
Proof. The existence, commutativity and quasi-projectivity of R S ′ /S (G S ′) has been noted above. For the smoothness and connectedness of its fibers, see Next let 2) is uniquely determined by the properties of being functorial in G, compatible with compositions and arbitrary base changes and by the fact that the composition
is the n-th power morphism on G.
2) is smooth and surjective.
Proof.
is a smooth and surjective morphism of S ′ -group schemes. Now, if The norm one group scheme associated to (f, G) is the S-group scheme
where N G,S ′ /S is the norm morphism (3.2). If G is smooth over S, then R 
is exact relative to theétale topology on S.
Proof. The first isomorphism follows from Corollary 2.3 (with S ′′ = S there). Under this isomorphism, the norm morphism
The second isomorphism then follows. Proposition 3.4. Let S ′ → S correspond to B/F , where F is a field and B is a nonzero, finite andétale F -algebra of rank n ≥ 2. Then R B/F (G) and R 
F s , as claimed. Lemma 3.5. Let S ′ → S correspond to B/F , where F is a field and B is a finite F -algebra. Let 0 → G ′ → G → G ′′ → 0 be an exact sequence of smooth, commutative and quasi-projective F -group schemes. Then the given sequence induces exact sequences of smooth, commutative and quasi-projective F -group schemes
Proof. The first sequence is exact by [7 
Proposition 3.6. Let S ′ → S correspond to B/F , where F is a field and B is a nonzero, finite andétale F -algebra. If G is a torus (respectively, abelian variety, semiabelian variety) over F , then R B/F (G) and R Proof. If G is a torus (respectively, abelian variety) over F , then so also are R B/F (G) and R (1) B/F (G) by Proposition (3.4). Now, if G is a semiabelian variety over F given as an extension 1 → T → G → A → 1, where T (respectively, A) is a torus (respectively, abelian variety) over F , then Lemma 3.5 shows that R B/F (G) and R
Lemma 3.7. Let S ′ → S correspond to K/F , where F is a field and K is a finite and purely inseparable extension of F . If G is a smooth, commutative and quasi-projective F -group scheme, then R (1) K/F (G) is a smooth, connected and unipotent F -group scheme.
Proof. The smoothness of R Lemma 3.8. Let S ′ → S correspond to a finite field extension K/F and let G be a smooth, commutative, connected and quasi-projective F -group scheme. Then R 
by the exactness of (3.4), we obtain an exact sequence of smooth and quasi-projective F -group schemes Proposition 3.9. Let S ′ → S correspond to B/F , where F is a field and B is a local and finite F -algebra. Let G be a smooth, commutative, connected and quasi-projective F -group scheme. Then R (1) B/F (G) is smooth and connected. Proof. Let K be the residue field of B. As in the proof of Lemma 3.8, there exists a canonical exact sequence of smooth and quasi-projective F -group schemes
where the right-hand group above is connected by Lemma 3. 
The proposition is now immediate from Proposition 3.9 and [9, VI A , Proposition 2.1.1].
Definition 3.11. The pair (f, G) is called admissible if (i) f : S ′ → S is a finite and faithfully flat morphism of locally noetherian schemes of constant rank n ≥ 2, (ii) G is a smooth, commutative and quasi-projective S-group scheme with connected fibers, and (iii) for every point s ∈ S such that char k(s) divides n,
Proposition 3.12. Assume that (f, G) = (S ′ /S, G) is admissible (see Definition 3.11) and let n ≥ 2 be the rank of
S ′ /S (G), then n : H → H is faithfully flat and locally of finite presentation.
Proof. It was shown in [12, Proposition 3.3] that conditions (ii) (minus the quasi-projectivity hypothesis) and (iii.1) of Definition 3.11 imply the proposition when H = G. Thus, to establish the proposition when
S ′ /S (G), it suffices to check that conditions (ii) (minus the quasiprojectivity hypothesis) and (iii.1) of Definition 3.11 hold true when G is replaced with
S ′ /S (G). For condition (ii) (minus the quasiprojectivity hypothesis), see Proposition 3.10. Now let s ∈ S be such that char k(s) divides n. Then R S ′ /S (G) s ≃ R B(s)/k(s) (G s ) and similarly for R 
Proof of the main theorem
Let f : S ′ → S be a finite and faithfully flat morphism of locally noetherian schemes of constant rank n ≥ 2 and let G be a commutative and quasiprojective S-group scheme.
The Cartan-Leray spectral sequence associated to (f, G) relative to the τ topology H 
where j G, S ′ /S is the map (2.6) associated to X = G. The composition
is the natural r-th restriction map inétale cohomology (4.1) Res
where 
G, τ can be identified with a map (4.2)
that agrees with the usual norm map if G = G m,S . The composition
is the r-th corestriction map inétale cohomology. For r = 0 the maps (4.2) and (4.3) will be identified, i.e., for i = 1 and 2 will both be denoted by Cores S ′ /S since no ambiguity will result from this choice of notation. If n ≥ 1 is an integer, we will write Res 
is the multiplication by n map on H r (S τ , G). Thus Ker j Now observe that (4.10) induces three complexes (in degrees 0, 1 and 2) of n-torsion abelian groups, namely (4.13)
and (4.15)
Using (4.5)-(4.7) and (4.11)-(4.12), we have
We now define
where N S ′ /S is the map (4.2). Then Ψ N (n, G) is a subgroup of G(S ′ ) which contains G(S )G(S ′ ) n and we have (4.23)
We now assume that (f, G) is an admissible pair (see Definition 3.11). Since (f, G) is admissible, Proposition 3.12 yields an exact and commutative
where a is the inclusion morphism. A diagram chase (or an application of the snake lemma to the bottom half of the above diagram) shows that N Gn,S ′ /S is surjective, whence
is an exact sequence in S ∼ fl . On the other hand, by (3.3) applied to G n ,
is a complex of commutative and quasi-projective S-group schemes. Thus there exists a closed immersion of commutative S-group schemes 
where q is the projection and b is the inclusion map. Note that a • b = j Gn, S ′ /S . Now, for every r ≥ 0, consider
Then the sequences (4.25) and (4.28) induce exact sequences of abelian groups (4.29)
−→ . . .
and (4.30)
where the maps δ (r) and ∂ (r) are connecting morphisms induced by (4.25) and (4.28), respectively. Note that, since
Gn, fl and Ker q (r) = Im b (r) , we have
Gn, fl . Now, for every r ≥ 1, let
be the composition
By the exactness of (4.29) and (4.30), there exists a canonical isomorphism of abelian groups
Next consider the complex
Lemma 4.1. For every r ≥ 1, there exists a canonical isomorphism of ntorsion abelian groups G) ), where the complexes C • (r, G n ) and Γ
• n (r, G) are given by (4.14) and (4.34), respectively.
Proof. By the exactness of (4.30) and the identity (4.31), the following diagram is exact and commutative
The preceding sequences fit into the following exact and commutative diagram of abelian groups
i.e., there exists a canonical exact sequence of complexes of abelian groups
where the left-hand, middle and right-hand complexes are given by (4.13), (4.14) and (4.15), respectively. We can now state the main theorem of the paper.
Theorem 4.2. Assume that the pair (f, G) is admissible (see Definition 3.11) and let n ≥ 2 be the rank of f . For every integer r ≥ 1, there exists a canonical exact sequence of n-torsion abelian groups
Gn,fl → Coker Cores 
Gn,fl → Coker Cores
Proof. Set r = 1 in the theorem and use the identities (4.4), (4.22) and (4.23) together with the canonical isomorphism Ker j (r)
Quadratic Galois coverings
Let (f, G) be an admissible pair such that f isétale and let ∆ be a finite group of order n ≥ 2 which acts on S ′ /S from the right. Then f is called a Galois covering with Galois group ∆ if the canonical map
is an isomorphism of S-schemes. See [13, V, Proposition 2.6 and Definition 2.8]. In this case n = rankf and there exists a canonical isomorphism of abelian groups
where G(S ′ ) n is a left ∆-module via the given right action of ∆ on S 
(see the proof of Lemma 3.3). Under the preceding isomorphism, the closed immersion
and let c (2) : G 2 → S be the structural morphism of G 2 . Then c (n) is a morphism of commutative S-group schemes and there exists a canonical exact sequence of commutative S-group schemes
n, S ′ by the commutativity of the diagram
where the top (respectively, bottom) row is induced by (4.28) (respectively, (5.3)). We conclude that G(2) = 0, whence H 1 (Γ Theorem 5.1. Let f : S ′ → S be a quadratic Galois covering of locally noetherian schemes with Galois group ∆ and let G be a smooth, commutative and quasi-projective S-group scheme with connected fibers. Assume that, for every point s ∈ S such that char k(s) = 2, G k(s) is a semiabelian k(s)-variety. Then, for every r ≥ 1, there exist canonical exact sequences of 2-torsion abelian groups
where the complexes C 
The above theorem yields, in particular, the following "lower bound" for the relative cohomological Brauer group of a quadratic Galois covering of locally noetherian schemes in terms of their Picard groups.
Corollary 5.2. Let f : S ′ → S be a quadratic Galois covering of locally noetherian schemes. Then there exists a canonical surjection of 2-torsion abelian groups
where Br
is the relative cohomological Brauer group of S ′ over S.
Proof. Set r = 2 and G = G m, S in (5.4) and note that, by (4.13),
Remark 5.3. Assume that S is a noetherian scheme which admits an ample invertible sheaf, and similarly for S ′ . Then (BrS ′ ) 2 = (BrS ) 2 and similarly for S ′ by (2.2). Thus, setting r = 2 and G = G m, S in (5.5), we recover the Knus-Parimala-Srinivas injection [19, 23] :
.
Arithmetical applications
Recall that a global field is either a number field, i.e., a finite extension of Q, or a global function field, i.e., the function field of a smooth, projective and irreducible algebraic curve over a finite field.
Let K/F be a quadratic Galois extension of global fields with Galois group ∆ and let Σ be a nonempty finite set of primes of F containing the archimedean primes and the non-archimedean primes that ramify in K. Let Σ K be the set of primes of K that lie above the primes in Σ, write O F, Σ for the ring of Σ-integers of F and let O K, Σ K be the ring of
is a quadratic Galois covering. Now let G F be a smooth, commutative and connected F -group scheme of finite type which admits a Néron-Raynaud model over S with semiabelian reduction at every point s ∈ S such that char k(s) = 2. If G denotes the identity component of the indicated model, then the pair (f, G) satisfies the hypotheses of Theorem 5.1. In this section we will consider the following specific choices of G F :
(1) G F is an invertible F -torus, i.e., G F is isomorphic to a direct factor of a finite direct product of
, where L/F is a finite separable extension of F , with multiplicative (i.e., toric) reduction at every point s ∈ S such that char k(s) = 2. (2) G F is an abelian variety over F with abelian (i.e., good) reduction over S, i.e., G is an abelian scheme over S.
Remark 6.1. In Case (2) above, G(S ) = G(F ) and G(S ′ ) = G(K ) since G and G S ′ are Néron models of G F and
If G F is a smooth, commutative and connected F -group scheme of finite type which admits a Néron-Raynaud model over S with identity component G, the Néron-Raynaud Σ-class group of G F , introduced in [11, §3] , is the quotient G, S ′ /S . Theorem 5.1 (or, more precisely, sequence (5.6)) and Remark 6.1 yield the following statement.
Theorem 6.2. Let K/F be a quadratic Galois extension of global fields with Galois group ∆ and let Σ be a nonempty finite set of primes of F containing the archimedean primes and the non-archimedean primes that ramify in K. Set S = Spec O F, Σ and S ′ = O K, Σ K . (i) If T is an invertible torus over F with multiplicative reduction at every point s ∈ S such that char k(s) = 2, then there exists a canonical exact sequence of 2-torsion abelian groups Setting T = G m, F in part (i) of the theorem, we obtain the following statement about the classical capitulation kernel Ker j K/F, Σ . Corollary 6.3. Let K/F be a quadratic Galois extension of global fields and let Σ be a nonempty finite set of primes of F containing the archimedean primes and the non-archimedean primes that ramify in K. Then there exists a canonical exact sequence of finite 2-torsion abelian groups 
